We consider the global consensus problem for multi-agent systems with input saturation over digraphs. Under a mild connectivity condition that the underlying digraph has a directed spanning tree, we use Lyapunov methods to show that the widely used distributed consensus protocol, which solves the consensus problem for the case without input saturation constraints, also solves the global consensus problem for the case with input saturation constraints. In order to reduce the overall need of communication and system updates, we then propose a distributed event-triggered control law. Global consensus is still realized and Zeno behavior is excluded. Numerical simulations are provided to illustrate the effectiveness of the theoretical results.
INTRODUCTION
In the past decades, consensus in multi-agent systems has been widely investigated because of its wide applicability. In the widely used distributed consensus protocol setup, each agent updates its state based on its own and the states of its neighbors in such a way that the final states of all agents converge to a common value. Consensus problem has been studied extensively (e.g., Olfati-Saber and Murray, 2004; Ren, Beard, and Atkins, 2007; Liu, Lu, and Chen, 2011; You and Xie, 2011) and the references therein. It is known consensus is achieved if the underlying graph is directed and has a spanning tree.
However, real systems are subject to physical constraints, such as input, output, digital communication channels, and sensors constraints. These constraints lead to nonlinearity in the closed-loop dynamics. Thus the behavior of each agent is affected and special attention to these constraints needs to be taken in order to understand their influence ⋆ This work was supported by the Knut and Alice Wallenberg Foundation, the Swedish Foundation for Strategic Research, and the Swedish Research Council. This paper was not presented at any IFAC meeting. Corresponding author: T. Yang, .
Email addresses: xinleiy@kth.se (Xinlei Yi), Tao.Yang@unt.edu (Tao Yang), junfengw@kth.se (Junfeng Wu), kallej@kth.se (Karl H. Johansson). on the convergence properties. Here we list some representative examples of such constraints. For example, Yang, Meng, Dimarogonas, and Johansson (2014) studies global consensus for discrete-time multi-agent systems with input saturation constraint; Meng, Zhao, and Lin (2013) considers the leader-following consensus problem for multiagent systems subject to input saturation; Lim and Ahn (2016) and Wang and Sun (2016) investigate necessary and sufficient initial conditions for achieving consensus in the presence of output saturation; Li, Xiang, and Wei (2011) shows that the widely used distributed consensus protocol also asymptotically leads to consensus for multi-agent systems with input saturation and directed topologies.
ditions. Event-triggered control for multi-agent systems has been extensively studied by many researchers recently (e.g., Dimarogonas, Frazzoli, and Johansson, 2012; Seyboth, Dimarogonas, and Johansson, 2013; Meng and Chen, 2013; Fan, Feng, Wang, and Song, 2013; Meng, Xie, Soh, Nowzari, and Pappas, 2015; Yang, Ren, Liu, and Chen, 2016; Yi, Lu, and Chen, 2016a; Yi, Wei, Dimarogonas, and Johansson, 2016b; Yi, Lu, and Chen, 2017) . A key challenge in event-triggered control for multi-agent systems is how to design control law, the event threshold to determine the triggering times, and to exclude Zeno behavior. For continuoustime multi-agent systems, Zeno behavior means there are infinite number of triggers in a finite time interval Johansson, Egerstedt, Lygeros, and Sastry (1999) . Another important problem is how to realize the event-triggered controller in a distributed way.
It is well known that, in almost all real applications, actuators have bounds on their inputs and thus actuator saturation is important to study. However, all the papers mentioned above do not take input saturation into consideration. The consensus problem for multi-agent systems with input saturation and event-triggered controllers is a challenging problem since these constraints lead to nonlinearity in the closedloop dynamics. Thus the behavior of each agent is affected and special attention to these constraints needs to be taken in order to understand their influence on the convergence properties. To the best of our knowledge, there are only few papers addressed this. Wu and Yang (2016) proposes the distributed event-triggered control strategy to achieve consensus for multi-agent systems which is subject to input saturation in an output feedback mechanism. Different from this paper, the underlying graph they used was undirected and they did not consider excluding Zeno behavior. Actually, even for a single agent system with input saturation and the event-triggered controller, the stability problem is also challenging. Kiener, Lehmann, and Johansson (2014) addresses the influence of actuator saturation on event-triggered control. Xie and Lin (2017) studies the problem of global stabilization of multiple integrator systems using event-triggered bounded controls.
In this paper, we address the global consensus problem for multi-agent systems with input saturation over digraphs. Specifically, we first consider the case that the underlying graph is directed and strongly connected. In this case, we show that, under the widely used distributed consensus protocol, multi-agent systems with input saturation achieve consensus. Then, we study the case that the underlying graph is directed and has a directed spanning tree, and show that consensus can still be reached. Finally, in order to reduce actuation updates and inter-agent communications, we propose an event-triggered law which also leads to that consensus is achieved. Our main contributions are twofold: (1) a Lyapunov function which is different from the one in Li et al. (2011) is used to prove our results, which facilitates the design of event-triggered control law; (2) event-triggered control law in this paper is distributed in the sense that it does not require any a priori knowledge of global network parameters and it is free from Zeno behavior.
The remainder of this paper is organized as follows. Section 2 introduces the preliminaries and the problem formulation. The main results are stated in Section 3 and Section 4. Simulations are given in Section 5. Finally, the paper is concluded in Section 6.
Notations: · represents the Euclidean norm for vectors or the induced 2-norm for matrices. 1 n denotes the column vector with each component 1 and dimension n. I n is the n dimension identity matrix. ρ(·) stands for the spectral radius for matrices and ρ 2 (·) indicates the minimum positive eigenvalue for matrices having positive eigenvalues. Given two symmetric matrices M, N , M > N (or M ≥ N ) means M − N is a positive definite (or positive semi-definite) matrix. The notation A ⊗ B denotes the Kronecker product of matrices (vectors) A and B. Given a vector s = [s 1 , . . . , s n ] ∈ R n , define the component operators c l (s) = s l , l = 1, . . . , n.
PRELIMINARIES
In this section, we present some definitions from algebraic graph theory (Mesbahi and Egerstedt, 2010) and the problem formulation.
Algebraic Graph Theory
Let G = (V, E, A) denote a (weighted) directed graph (or digraph) with the set of agents (vertices or nodes) V = {v 1 , · · · , v n }, the set of links (edges) E ⊆ V × V, and the weighted adjacency matrix A = (a ij ) with nonnegative adjacency elements a ij . A link of G is denoted by (v i , v j ) ∈ E if there is a directed link from agent v j to agent v i with weight a ij > 0, i.e. agent v j can send information to agent v i while the opposite direction transmission might not exist or with different weight a ji . The adjacency elements associated with the links of the graph are positive, i.e., (v i , v j ) ∈ E ⇐⇒ a ij > 0. It is assumed that a ii = 0 for all i ∈ I, where I = {1 . . . , n}. The in-degree of agent
The Laplacian matrix associated with the digraph G is defined as L = D − A. A directed path from agent v 0 to agent v k is a directed graph with distinct agents v 0 , ..., v k and links e 0 , ..., e k−1 such that e i is a link directed from v i to v i+1 , for all i < k. (Horn and Johnson, 2012) (for more details and proof, see Lu and Chen (2006) and Lu and Chen (2007) 
The following result in Yi et al. (2017) is also useful for our analysis later.
Lemma 2 Suppose that L is irreducible and ξ is the vector defined in Lemma 1. Let Ξ = diag(ξ), U = Ξ − ξξ ⊤ , and
Multi-Agent Systems with Input Saturation
We consider a set of n agents that are modelled as a single integrator with input saturation:
where x i (t) ∈ R p is the state and u i (t) ∈ R p is the control input of agent v i , respectively. And sat h (·) is the saturation function defined as
where s = [s 1 , . . . , s l ] ⊤ ∈ R l with l is a positive integer and In the literature, the widely used distributed consensus protocol is
In this paper, we first show that consensus can be achieved even in the presence of input saturation, i.e., consensus is achieved for the multi-agent system (2) with the distributed protocol (4).
The following properties about the saturation function are useful for our analysis.
Lemma 3 For any constants a and b,
Lemma 4 Suppose that L is the Laplacian matrix associated with a digraph G that has a spanning tree. For
Proof: The sufficiency is obvious. Let's show the necessity.
GLOBAL CONSENSUS FOR MULTI-AGENT SYS-TEMS WITH INPUT SATURATION
In this section, under the condition that the underlying graph is directed, we consider the multi-agent system subject to input saturation, i.e., system (2), and with the distributed consensus control protocol (4). We show that the global consensus can be achieved . We first consider the case that the underlying graph is directed and strongly connected, then we consider the case the underlying graph is directed and has a spanning tree.
Strongly Connected Digraphs
In this subsection, we consider the situation that the underlying digraph is strongly connected, i.e., the Laplacian matrix L is irreducible. We have the following result.
Theorem 1 Consider the multi-agent system (2) with the distributed protocol (4). Suppose that the underlying graph G is directed and strongly connected. Then global consensus is achieved.
Proof. Let ξ be the vector defined in Lemma 1. Let
Consider the following function:
From Lemmas 1 and 3, we know V (x) ≥ 0 and from 4, we know V (x) = 0 if and only if
The derivative of V (x) along the trajectories of system (2) with the distributed consensus protocol (4) iṡ
where
and the last equality holds since
where we have used ξ ⊤ L = 0 and L1 n = 0 in (7).
We then show that consensus is achieved and the input of each agent enters into the saturation level in finite time.
From (6), we know thatV = 0 if and only if sat h (u i (t)) = sat h (u j (t)), ∀i, j = 1, . . . , n. From Lemma 4, this is equivalent to x i (t) = x j (t), ∀i, j = 1, . . . , n. Thus by LaSalle Invariance Principle (Khalil, 2002) , we have
i.e., the consensus is achieved.
Finally, we estimate the convergence speed which will be used later. Since − n j=1 L ij c l (x j (t)), i = 1, . . . , n, l = 1, . . . , p are continuous with respect to t, it then follows from (8) that there exists a constant T 1 ≥ 0 such that
In other words the saturation function in (2) does not play a role after T 1 . Thus the multi-agent system (2) with the distributed protocol (4) reduces tȯ
Consider the following functioñ
From Lemma 2, we know thatṼ (x(t)) ≥ 0. The derivative ofṼ (x) along the trajectories of system (10) satisfies
NotingṼ (x(t)) is continuous with respect to t, there exists a positive constant C 1 such that
Moreover, from Lemma 2, we know that
Thus we complete the proof. ✷
Digraphs Having A Spanning Tree
In this subsection, we consider the case that the underlying graph is directed and has a spanning tree. In this case the corresponding Laplacian matrix L is reducible. The following mathematical methods are inspired by Chen, Liu, and Lu (2007) which are useful for our analysis. By proper permutation, we can rewrite L as the following Perron-Frobenius form:
where L m,m is with dimension n m and associated with the m-th strongly connected component (SCC) of G, denoted by SCC m , m = 1, . . . , M .
Since G contains a spanning tree, then each L m,m is irreducible or has one dimension and for each m < M , L m,q = 0 for at least one q > m. Define an auxiliary matrix
⊤ be the positive left eigenvector of the irreducibleL m,m corresponding to the eigenvalue zero and has the sum of components equaling to 1. Denote 
Our second main result result is given in the following theorem.
Theorem 2 Consider the multi-agent system (2) with the distributed consensus protocol (4). Suppose that the underlying graph G is directed and has a directed spanning tree, and L is written in the form of (15). Then global consensus is achieved.
We illustrate the main idea of the proof here. For the detail of the proof, please see Appendix A. By Theorem 1, all agents in SCC M achieve consensus since L M,M is irreducible or zero. Then, all agents in SCC M−1 which is either strongly connected or of dimension one achieve the same consensus value as those in SCC M since this is a leader following problem with agents in SCC M are leaders and agents in SCC M−1 are followers. By applying the similar analysis, we see that all agents in SCC m , m = M − 2, . . . , 1, which is either strongly connected or of dimension one achieve the same consensus value as above since this is a leader following problem with agents in SCC M , SCC M1 , . . . , SCC m+1 are leaders and agents in SCC m are followers. Therefore, the result follows. Li et al. (2011) also consider the consensus problem for multi-agent systems with input saturation constraint under the condition that the underlying graphes having directed spanning trees. The Lyapunov function used in this paper is different form the one used in Li et al. (2011) . It facilitates the design of event-triggered control laws as shown in Section 4.
Remark 2

EVENT-TRIGGERED CONTROL FOR MULTI-AGENT SYSTEMS WITH INPUT SATURATION
To implement consensus protocol (4), continuous states from neighbours are needed. However, continuous communication is impractical in physical applications. In order to avoid continuous sending of information among agents and updating of actuators, we equip the distributed consensus protocol (4) with event-triggered communication scheme under which the control signal is only updated when the eventtriggered condition is satisfied. Here, we use the following multi-agent system with input saturation and event-triggered control protocol
where k j (t) = argmax k {t j k ≤ t}. The increasing time agent-wise sequence {t j k } ∞ k=1 , j = 1, . . . , n, named triggering time sequence of agent v j which will be determined later. We also assume t j 1 = 0, j = 1, . . . , n. Note that the control protocol (18) only updates at the triggering times and is constant between consecutive triggering times.
In the following, we show that global consensus is achieved for the multi-agent system (17) with event-triggered control protocol (18). Similar to the analysis in Section 3, we first consider the case that the underlying digraph is strongly connected, we then consider the case that the underlying digraph has a spanning tree.
Strongly Connected Digraphs
In this subsection, we consider the situation that the underlying graph is directed and strongly connected. We have the following result. 
Theorem 3 Consider the multi-agent system (17) with the even-triggered control protocol (18). Suppose that the underlying graph G is directed and strongly connected. Given
Then (i) there is no Zeno behavior; (ii) global consensus is achieved.
Proof. 
Noting sat h (s) ≤ h √ p for any s ∈ R p , we have
Noting 
Then
which contradicts to (20). Therefore, there is no Zeno behavior.
(ii) Firstly, the derivative of V (x) defined in (5) along the trajectories of system (17) with the even-triggered control protocol (18) satisfieṡ
where the equality denoted by * = holds due to (7) and the inequality denoted by * * ≤ holds due to Lemma 3.
We then show that global consensus is achieved and the input of each agent enters into the saturation level in finite time. Let's treat z i (t) = e −βit , t ≥ 0 as an additional state to agent v i , i ∈ I. And let z = [z 1 , . . . , z n ] ⊤ Consider a Lyapunov candidate:
where V (x) is defined in (5). Then the derivative of W (x, z) along the multi-agent system (17) with the even-triggered control protocol (18) and systemż
Then by LaSalle Invariance Principle (Khalil, 2002) , similar to the proof in Theorem 1, we have
Finally, we estimate the convergence speed which will be used later. Since c l (
), i ∈ I, l = 1, . . . , p are continuous with respect to t, it then follows from (24) that there exists a constant T 3 ≥ 0 such that
In other words the saturation function in (17) does not play a role after T 3 . Thus the multi-agent system (17) with distributed protocol (18) reduces tȯ
Similar to the proof of Yi et al. (2016a, Theorem 2) , we can conclude that there exist C 5 > 0 and C 6 > 0 such that
whereṼ (x) defined in (11). Similar to the way to get (13), we haveṼ
where C 7 is a positive constant.
Moreover, similar to the analysis for obtaining (14), we have
where C 7 and C 8 are two positive constants. ✷
Remark 3 We call the event-triggered control protocol (18) together with the event-triggering condition (19) a eventtriggered control law. It is distributed since it only needs its own state information, without any priori knowledge of any global parameter, such as the eigenvalue of the Laplacian matrix.
Digraphs Having A Spanning Tree
In this subsection, we consider the case that the underlying graph has a spanning tree. We use the same notations as in Section 3.2. For simplicity, let u
Our fourth main result is given in the following theorem. 
Theorem 4 Consider the multi-agent system (17) with the even-triggered control protocol (18). Suppose that the underlying graph G is directed and has a spanning tree, and L is written in the form of (15). Given
Then (i) there is no Zeno behavior; (ii) global consensus is achieved.
The proof is similar to the proof of Theorem 2. For the details, please see Appendix B.
SIMULATIONS
In this section, a numerical example is given to demonstrate the presented results. The saturation parameter is h = 10. Consider a directed graph of seven agents with the Laplacian matrix 
whose topology is shown in Fig. 1 . The seven agents can be divided into two strongly connected components, i.e. the first four agents form a strongly connected component and the rest form another. The initial value of each agent is randomly selected within the interval [−10, 10]. Here, x(0) = [6. 2945, 8.1158, −7.4603, 8.2675, 2.6472, −8.0492, −4 .4300] ⊤ . Fig. 2 (a) shows the state evolution of the multiagent system (2) with the distributed protocol (4) and Fig.  2 (b) shows the saturated input of each agent. From Fig. 2  (a) and (b) , we see that global consensus is achieved and sat h (u i (t)) is within the saturation level. Fig. 3 (a) shows the state evolution of the multi-agent system (17) with the eventriggered control protocol (18) under the event-triggering condition (19) with α i = 10 and β i = 1. Fig. 3 (b) shows the saturated input of each agent. Fig. 3 (c) shows the corresponding triggering times for each agent. From Fig. 3 (a) and (b), we see that global consensus is achieved and sat h (u i (t)) is within the saturation level. Moreover, from Fig. 3 (c) , we see that each agent only needs to broadcast its state to its neighbors at its triggering times. Thus continuous broadcasting is avoided.
CONCLUSION
In this paper, we studied the global consensus problem for multi-agent systems with input saturation constraints. The communication topologies among agents were described as directed graphs with directed spanning trees. We used a novel Lyapunov function to show that saturation constrain did not play a role after a finite time and global consensus is achieved. Moreover, we presented a distributed eventtriggered control law to reduce the overall need of communication and system updates. We showed global consensus is tems, time delays, and the self-triggered control.
A Proof of Theorem 2
For simplicity, hereby we only consider the case of M = 2. The case M > 2 can be treated in the similar manner.
Firstly, let's consider the second strongly connected component. All agents in SCC 2 do not dependent on any agents in SCC 1 . Thus, the second strongly connected component can be treated as a strongly connected directed graph. Then form Theorem 1, we have
. . , n 2 , l = 1, . . . , p are continuous with respect to t, we can conclude that there exists a constant T 2 ≥ 0 such that
In addition, similar to (14), we have
where C 3 and C 4 are two positive constants.
Secondly, let's consider the first strongly connected component. Similar to V (x) defined in (5), define
From the definition of the component operator c l (·), we know c l (u
Similar to (6), the derivative of V 2 (x) along the trajectories of system (2) with the distributed consensus control protocol (4) isV
Moreover, similar to the proof of Theorem 1, we knowV 2 = 0 if and only if
The derivative of V 1 (x) along the trajectories of system (2) with the distributed consensus control protocol (4) satisfies
Let's treat y i (t) = e −C4t , t ≥ 0, i ∈ I as an additional state of each agent. And let y = [y 1 , . . . , y n ] ⊤ Consider a Lyapunov candidate:
The derivative of V 3 (t) along the trajectories of system (2) with distributed consensus control protocol (4) is
Then, we have
Similar to the proof in Theorem 1, we can show that after a finite time the saturation would not play a role any more, and global consensus is achieved.
B Proof of Theorem 4
(i) The proof of excluding Zeno behavior is the same as the proof of its counterpart in Theorem 3. Thus we omit it here.
(ii) For simplicity, hereby we only consider the case of M = 2. The case M > 2 can be treated in the similar manner.
Firstly, let's consider the second strongly connected component. All agents in SCC 2 do not dependent on any agents in SCC 1 . Thus, the second strongly connected component can be treated as a strongly connected directed graph. Then form Theorem 3, we have
and there exists a constant T 4 ≥ 0 such that
In addition, similar to (29), we have
where C 9 and C 10 are two positive constants.
Secondly, let's consider the first strongly connected component. Similar to (23), the derivative of V 2 (x) defined in (A.4) along the trajectories of system (17) with the event-triggered control protocol (18) satisfieṡ
The derivative of V 1 (x) defined in (A.3) along the trajectories of system (17) with the event-triggered control protocol (18) satisfieṡ Similar to the analysis to get (23), from (B.4), we havė
Let's treat η The derivative of W r (t) along the trajectories of system (17) with the event-triggered control protocol (18) satisfies dW r (x, η, θ) dt
Then, for any t ≥ T 4 , we have
Then by LaSalle Invariance Principle (Khalil, 2002) , similar to the proof in Theorem 1, we have lim t→∞ x j (t) − x i (t) = 0, i, j ∈ I.
